In this paper, nonlinear buckling responses of functionally graded (FG) thin-walled open section beams based on Euler-Bernoulli-Vlasov theory is presented.. The finite element incremental equilibrium equations are developed by updated Lagrangian formulation using the non-linear displacement cross-section field that accounts for large rotation effects.. Young's modulus of FG beams are varied continously through the wall thickness based on the power-law distribution. Numerical results are obtained for thin-walled FG beams with symmetric and mono-symmetric I-section and channel-section for various configurations such as boundary conditions, geometry, skin-core-skin ratios and power-law index to investigate the flexuraltorsional and lateral buckling loads and post-buckling responses. The accuracy and reliability of proposed model are proved by comparison with previous research and analytical solutions. The importance of abovementioned effects on buckling results is demonstrated on benchmark examples.
Introduction
Thin-walled composite beam structures are widespread in lot of engineering areas due to their high strength-to-weight ratio. Only some of many papers devoted to bending, vibration and buckling of fiber reinforced composite beams-type structures are cited here [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] . A development of a new kinds of progressive composites such as functionally graded materials (FGM) in recent years is in a rapid increase.
FGMs were first concepted in the late 1980s [11, 12] , and after that have been very comprehensively investigated by several researchers. Although many researchers investigated vibration or buckling analysis of FG beams with rectangular cross-section [13] [14] [15] [16] [17] [18] [19] [20] , thin-walled box section [21] and open section [22, 23] , according to the authors' knowledge, there is no work available to study flexural-torsional and lateral buckling of FG open section beams in a unitary manner. As a result, this is also main objective of this paper. It is based Euler-Bernoulli-Vlasov theory with large displacements and small strains assumptions.
Young's modulus of FG beams are varied continuously through the wall thickness according to power-law distribution.. Several doubly-symmetric and mono-symmetric I-section and channel-section beams with different kinds of material distributions are analyzed for buckling under various boundary conditions: clamped-free, simply supported, clamped-simply supported and clamped-clamped. The effects of the geometry, skin-core-skin ratios and power-law index on critical loading and post-buckling respones are investigated.
In this paper, the finite element incremental equilibrium equations are developed by updated Lagrangian formulation using the non-linear displacement cross-section field that accounts for large rotation effects. As an incremental iterative solution scheme, the generalized displacement control method is adopted [24] . At the end of iterations, the nodal orientations updating is carried out using the transformation rule based on the theory of semitangental rotations [25] , while so called conventional approach (CA) [26, 27] is performed in the phase of force recovering.
Theoretical formulation
In this section, theoretical formulation is briefly summarised and more details of this part can be found in Refs. [10, 21] .
Kinematics
Two sets of are mutually interrelated coordinate systems, which are Cartesian (z, x, y) and contour coordinate system (z, n, s) , are used ( Fig. 1 ). 
where wO denotes the rigid-body translations of the cross-section centroid in the z-direction and uS and vS are the rigid-body translations in the x-and y-directions associated with shear centre; φz, φx and φy are the rigid-body rotations about the z-, x-and y-shear centre axis, respectively; θ is a cross-section warping parameter.
In the case of small rotations, displacement field is given by [28] :
in which uz, ux and uy are the first-order (linear) displacement increments of an arbitrary point on the crosssection.
If the large rotation effects are considered, total displacement increments are given by:
where z u ,
x u , and y u represent the second-order (non-linear) displacement increments resulting from the large rotations, and expressed by:
The Green-Lagrange incremental strain tensor corresponding to the non-linear displacement field from Eq.
(3), can be written as:
where:
Contour displacements
Out of the mid-line displacements are expressed through mid-surface displacements ( ,, w u v ):
Eq. (7) can be seperated into the linear and non-linear parts: Non-zero strains are given by [29] :
;;
where, eij and ij are the linear and non-linear strain components corresponding to the first-order displacements, while ij e is the linear strain component corresponding to the second-order "large rotation" displacements.
After substitution of Eq. (8) into Eq. (11), follows:
where r and q represent the contour radius and the shear centre normal distance of the contour radius, and warping function ω with the respect to contour coordinate system is given [30] (Fig. 1 
Eqs. (14) and (15) can be rewritten as:
where the 0 z axial strain, ;
Stress resultants
The internal stress resultants ( (25) In Eq. (24), K is the Wagner coefficient defined as [28] :
where: 
with A as an area, 
Stress-strain relations
For simplicity, Poisson's ratio ν, is assumed to be constant, whereas, Young's modulus is varied continuously through the wall thickness according to power-law distribution [31] : 1) Type A: the wall is graded from metal surface (n = t0 = -t/2) to a top ceramic surface (n = t3 = +t/2) and Vc can be given by:
2) Type B: the wall is made of ceramic core and FG skins. The top skin varies from a fully ceramic (n = t2) to a fully metal surface (n = t3 = +t/2) while the bottom skin varies from a fully metal (n = t0 = -t/2) to a fully ceramic surface (n = t1). Vc can be determinated as: 
3) Type C: the bottom is graded from fully metal to fully ceramic the while the top skin is entirely ceramic [22] . Vc can be determinated as:
where p is the power-law index.
The constitutive equations for thin-walled FG beams can be expressed as:
Using Eqs. (22) , (23) and (32) , the beam forces can be written as: 0  11  12  13  14   0  12  22  23  24   0  13  23  33  34   0  14  24  34  44 55
where ij R are thin-walled FG beam rigidities: 11 12 13 14 
Centre of gravity and shear centre
According to definition in Refs. [22, 32] , the center of gravity (x0, y0) is described as the axial force application point, the acting point of axial stresses resultant caused by a constant state of strains 0 z  . From moments equality with respect to the x and y axes:
and Eq. (33) the center of gravity coordinates can be determinated as: 12 13 00 11 11 ,
with the x and y as a coordinates from the origin.
Assuming the FG beam is under torsion only, the bending moments are equal zero: ,
In expressions above, the index O denotes the values with respect to centre of gravity [32] .
Finite element formulation
The 14 degree of freedom beam finite element is shown on Fig. 3 , defined in local element coordinate system (z, x, y). The nodal displacement and force vectors are following:
The superscript e denotes the eth finite element. The rotational degrees of freadom xi, and yi, from Eq.
(42), as well as the warping parameters i (i = A, B) are specified in Eq. (1).
By applying the principle of virtual work, the beam element incremental equilibrium equations in linearized form follows as:
where the internal work from the left-hand side is compounded of the incremental virtual elastic strain energy:
and the incremental virtual geometric potential:
The right-hand side terms present the virtual work carried out by the external forces at the end and at the beginning of the increment, 1 1 1
where Sij is second of Piola-Kirchhoff stress tensor, ti denotes the surface tractions, Cijkl is the stress-strain tensor. Applying a linear interpolation functions for wi and a cubic ones for ui, vi and z one can get:
where e f is a nodal force vector, e E k denotes the elastic stiffness matrix and e G k is the geometric stiffness matrix, respectively. It is worth noting that terms arising from the nonlinear components completely coincide with the expressions already derived in the literature [33] .
An incremental iterative approach should be dealt with the set of non-linear equilibrium equations established for whole structure. The procedure adopted in this work is the one previously detailed described in [26] .
Numerical examples
The buckling analysis is performed for seven types of FG beam cross section: two types of symmetric Isections (I1 and I2), two types of monosymetric I-sections (M1, M2) and three types of channel sections (C1, C2, C3). The letters A, B and C denotes three types of beam walls (see Fig. 4 ), while the numbers next to denote the skin-core-skin ratios ( Table 1) 
Flexural-torsional buckling
The buckling loads of FG beams with length L=2.5 m and various power-law index p for different types of boundaries, simply supported (S-S), clamped-free (C-F), clamped-clamped (C-C) and clamped-simply supported (C-S), are given in Tables 2-8 . For verification purposes, the results are also analytically obtained as the roots of following cubic formula [34] : 
while the k is theoretical value of effective-length factor which is dependent on boundary conditions. Due to symmetric in both geometry and material distribution in the case of I1 and I2 beam types, the shear centre is coincident with the centroid. In these cases, the lowest buckling modes corresponds to flexural ones in weaker direction and the critical buckling loads are equal to y F . In the case of M1, M2, C1, C2 and C3, the corresponding buckling modes are torsional-flexural and the critical load, the smallest of three roots of Eq. (51), is less then all three values from Eq. (52). Since the present results satisfactorily match the analytical ones, the accuracy of proposed model is again established. It can be noticed that how the powerlaw index increases it causes a reduction in Young's modulus which results in the reduction of buckling loads. One can notice that the distribution of material has a major impact on buckling load of all beams for all four observed boundary conditions.
With the intension to indicate the robustness and stability of used algorithm, the responses of C2 and C3 cantilever beams are further investigated in the nonlinear manner. A small perturbing force F = 0.001 F is applied laterally at free end to stimulate buckling. The obtained curves represent the axial force vs displacements of point at which the perturbation force acts, Fig. 7 . The result are given for power-law index values p = 0.25 and p = 2. These load-deflection curves match well with buckling loads obtained previously in eigenvalue manner. It is manifested as a sharp rise of lateral deflection as the load approaches the critical buckling value.
Lateral buckling
The model is further tested for lateral buckling of simply-supported beams with length L = 8 m, for various types of loading: pure bending, mid-span point load and uniformly distributed loading. The loadings are applied at shear centre. For verification purposes, results from an isotropic case of pure ceramic are firstly calculated to compare with those from closed form solutions [34] [35] [36] :
Pure bending: 
Uniformly distributed load: It should be noted that the lateral buckling moments are assumed to be positive, which means that such moments cause tension in the top flange. It is seen from Table 9 . that the present results are in excellent agreement with the closed form solutions. The eigenvalue results of buckling loads versus power-law index for seven types of FG beams are plotted in Figs. 8-10 . Responses evaluated using load-deflection manner are illustrated for M1 and M2 cross sections with power law exponent p = 5. A small perturbation twisting moment M = 0.01M is applied at mid span for pure bending, perturbation force F = 0.001qL for uniform loading and perturbation twisting moment M = 0.00125FL for concentrated force loading case. Figs. 11-13 represent lateral displacement vs applied moment M for pure bending and lateral displacement vs applied uniform loading q, as well as lateral displacement vs applied concentrated force F, respectively.
In order to further investigate lateral buckling responses, a L-shaped frame with channel cross section under horizontal load is analyzed, Fig. 14. This frame is fixed at point A and loaded at point C in X direction passing through the shear centre. The length of both frame legs is L = 2.5m while cross section is considered to be of C2 and C3 types. The warping condition at point B is considered as completely restrained. For two different directions of load, (+) and (-), the obtained results for the critical buckling loads are given in Table 10 and plotted in Fig. 15 . For the goal of result validationon, the buckling loads for purely ceramic cross section are calculated by NASTRAN shell model [37] . The obtained values (-)Fcr = 0.021176 MN and (+)Fcr = 0.022895 MN are agree well with the present results corresponding to p = 0 obtained from the proposed model. The corresponding lateral modes are illustrated on Fig. 16 . In the loaddeflection manner obtained curves representing the lateral displacements at point C versus applied load acting in positive direction. These results are plotted for power-law index p = 0.25 and p = 2, Figs. 17 and 18. Lateral disturbing force F = 0.001 F is added at free end in negative Z direction. Very good recognition of critical buckling values is remarked. 
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